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Belated60thbirthdaygreetingsto
EdClarkeandabigthankyoufor
yourleadershipinthefield!
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90%ofthistalkoriginatesfrom...

1.Clarke,Grumberg,Long[POPL92,TOPLAS94]:
state-spaceabstractionsviasemi-homorphismstovalidate
∀CTL*-properties.

2.Cousot-Cousot[POPL77,POPL79,JLC92]:
abstract-interpretationframeworksthatsynthesizeabstract
functionsandensuresoundness

3.Dams[thesis96,andTOPLAS97withGerthand
Grumberg]:formalizationofunderapproximationfunctions
onabstractmodels
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Introduction
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Overapproximation“statesthepossibilities”or
“coversthebehaviors”ofanentityorprocess

Examples:

¨aprogram’scontrol-flowgraph—itspathsrepresenta
supersetoftheprogram’sactualexecutions

¨anentity-relationmodel—itstatesalllegalrelationships
betweenobjectsinaknowledgebase

¨data-typeinformationofaprogram’svariablesstatesthe
variables’rangeofvalues

¨logicalprogramassertionsthathavenotbeenrefutedstate
”whattheprogrammightpossiblydo”
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Underapproximation“liststhenecessities”or
givesconcreteexamplesofanentityorprocess

Examples:

¨logicalprogramassertionsthathavebeenprovedtrueor
arerequiredofaprogramdefineasubsetoftheprogram’s
theory

¨test-executiontracesassertguaranteedprogrambehaviors

¨executionmonitoringremembersvaluesthathavebeen
assignedtoprogramvariablesatsomepoint

¨anobjectsubdiagramdisplaysrelationshipstheprogram
mustconstructduringitsexecution
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Testingisacommonlyusedunderapproximationofprogrambehavior;

soisBoundedModelChecking(tracegenerationtosomefixedk≥0).

Suchconcreteunderapproximationsconstructwitnessestoan

existentialproperty(e.g.,atracethatendsinanerrorstate).

Sometimes,concreteunderapproximationscanbeclevelyappliedtootherends:

¨Păsăreanu,etal.CAV05:eachconcretetracerefinesapredicate-abstraction
modeloftheprogram’scontrol-flowgraph;thelimitoftherefinementsisamodel
thatisbisimulartotheprogram’sconcretecontrol-flowgraph(modulothe
predicatesselectedfortheanalysis)

¨Grumberg,etal.POPL05:SAT-generatedBMCtracesattempttorefutea
propertyviaacounterexampletrace.Ifnocounterexamplefound,the
SAT-trace-proofisdisassembledtoseeiftheboundingonthetracesappearsin
thetrace-proof.Ifno,thenthetrace-proofisrebuiltintoaproofthatprovesthe
property.
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Wewillstudyover-andunderapproximations
calculatedonabstractionsofstates/data

Example:
theCollatzfunction:

loop

ndiv2==0?n:=ndiv2;

ndiv2==1?n:=3n+1;

endloop

Thefunction’sgraph—whatreallyhappens:

. . .

0123456

10

. . .

16

TheParityabstraction
ofthefunction’s
domain:

Parityeither

even odd
none

means
‘‘either even or odd’’

vacuous
(empty) value

Example:2∈γ(even)={0,2,4,···},3∈γ(odd)={1,3,5,···},forthemodelling

(concretization)function,γ:Parity→P(Nat).
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Anoverapproximation(“may”)graphbasedonParity
(∃∃-approximation):coversallconcretepathsbutcontains“false
paths”:

even odd
x:= 3x+1

x:=x div2

x:=x div2

Example:8→4and10→5,henceeven→evenandeven→odd.Youmayadd

transitionstothismodelanditremainsanoverapproximation.

Anunderapproximation(”must”)graphbasedonParity
(∀∃-approximation):allpathsareguaranteedtoexistasconcrete
executions:

eveneither oddx:= 3x+1x:= x div2

x:= x div2
x:= 3x+1

Example:foreveryoddnumber,2n+1≥0,thereissome2msuchthat

2n+1→2m,henceodd→even.Youmayremovetransitionsfromthismodel

anditremainsanunderapproximation.
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Wevalidatelogicalpropertiesonabstractmodels

LetCbethesetofconcretevalues(states)andAbethesetof
abstractones.

Saythatφ∈L,alogic,and[[φ]]⊆C.

Forc∈C,writec|=φwhenc∈[[φ]].

Fora∈A,wewishtochecka|=
A
φandinferc|=φforthose

c∈γ(a).Recallthatγ:A→P(C)isthemodelling/concretizationfunction.

Slogan:Overapproximatethecomputationand
underapproximatethelogic:

ifa|=
A
φ

(i.e.,a∈[[φ]]
A

),

then,forallc∈γ(a)

c|=φ(i.e,c∈[[φ]])(overappr)

] [[ϕ

]] [[ϕ γ

]] [[ϕ

γ

U
IUI

a

γ(a)

∋

c

γ

∋

∋

A

A

(underappr)

]
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Butwealsoknowthatanoverapproximatingmodelisusedto

validateuniversalpropertiesandanunderapproximatingmodelis

usedtovalidateexistentialproperties:

. . .

0123456

10

. . .

16

loop

ndiv2==0?n:=ndiv2;

ndiv2==1?n:=3n+1;

endloop

odd|=
A
2even

even|=
A
∀(GFeven)

even odd
x:= 3x+1

x:=x div2

x:=x div2

odd|=
A
3even

odd|=
A
∃(Feven)

eveneither oddx:= 3x+1x:= x div2

x:= x div2
x:= 3x+1

Wemightevenmixthetwo:even|=
A
2(even∨3even)

Howdowemakesenseofthis?
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Howwemakesenseofover-underapproximation

1.Kripkestructures,simulations,Galoisconnections

2.Logics

3.Howtounderapproximatealogic

4.Howtoover-andunderapproximateaprogram’scontrol
structure

5.Howtounderapproximateadatastructure

6.Over-andunderapproximationinspecification
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Kripkestructures,simulations,
Galoisconnections
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Aprogram’ssemanticsiscodedasa
StateTransitionSystem

Definition:AnSTSis(C,f),whereCisthestatesetand
f⊆C×C(orf:C→P(C))isthetransitionrelation(function).

Collatzexample:CisNat,and

f={(n,ndiv2)|ndiv2==0}∪{(n,3n+1)|ndiv2==1}

Arun(trace)isc0→c1→···ci→ci+1→···suchthatforalli≥0,

(ci,ci+1)∈f.

LetPropbeasetofprimitivepropertiesandletγ:Prop→P(C)

interpretit.

Definition:AKripkestructureisanSTS+γ.

Collatzexample:Prop={even,odd},and

γ(even)={2n|n≥0},γ(odd)={2n+1|n≥0}
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When(C,f)is“toolarge,”wemustabstractit

Saythatγ:Prop→CpartitionsC(∀c∈C,∃!p∈Prop,c∈γ(p)).

ThenwecandefinetheabstractSTS,(Prop,f
]
),where

(p,q)∈f
]

iff∃c∈γ(p),∃c
′
∈γ(q),(c,c

′
)∈f

f
]

isan∃∃-relation.

Collatzexample:

Prop={even,odd},

γ(even)={2n|n≥0},γ(odd)={2n+1|n≥0},and

f
]
={(odd,even),(even,even),(even,odd)}

even odd
x:= 3x+1

x:=x div2

x:=x div2
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Soundnessoftheabstractionisasserted
byasimulation

Definethemodellingrelation,ρ⊆C×A,fromγas

cρpiffc∈γ(p).

Definition:ForSTSs(C,f)and(A,f
]
),ρisasimulationifffor

allc∈C,a∈A,

cρaand(c,c
′
)∈fimplythereexistsa

′
∈Asuchthat

(a,a
′
)∈f

]
andc

′
ρa

′
.

f
]

mimicksf,moduloρ.Wewritef¢f
]
:

ρ

0c1cici+1

a0a1aiai+1
f#f#f#f#

. . . . . . 

a0 γ(    )a1 γ(    )ai γ(    )ai+1 γ(       )

. . . . . . 
ffff

∋∋∋∋
ρρ ρ

c
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Givenγ:

γ
{0,1,2,3,...}

{0,2,4,...}{1,3,5,...}

UI
{}

even
odd

A

P(C)

weliftittoγ:P(A)→P(C):

P(A)
{0,1,2,3,...}

{0,2,4,...}{1,3,5,...}

UI
{}

{odd}

{even,odd}

{even}
{ }

γ

P(C)

γ(T)=∪a∈Tγ(a)

Thisletsusdefineanabstracttransitionfunction,f
]
:A→P(A).

Collatzexample:f
]
(even)={even,odd},f

]
(odd)={even}.

Theorem:Simulationequalsabstract-interpretationsoundness:
Forf:C→P(C),f

]
:A→P(A),f¢f

]
ifff

∗
◦γvγ◦f

]
,where

f
∗
(S)=∪c∈Sf(c).
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Thepreviousslidehintsthatγandγhaveinversemaps—theydo—
andthissituationiscalledaGaloisconnection:
P(C)

{0,1,2,3,...}

{0,2,4,...}{1,3,5,...}

UI
{}

even
odd

either

none

A
γ

α

α(S)=u{a|γ(a)⊆S}

e.g.,α{2,6}=even

α{0,1,2,3}=either

eitherandnonehelpParitybecomeacompletelattice.

P(C){0,1,2,3,...}

{0,2,4,...}{1,3,5,...}

UI
{}

αo

γ
P (A)

{none}

{even,odd,none}

{even,none}{odd,none}

{ }

UI

{either,even,odd,none}αo(S)=∩{T|S⊆γ(T)}

e.g.,

αo{2,6}={even,none}

αo{0,2,3}={even,odd,none}

Down-closedsetsareneededtomakeαomonotone.

Notethatγ{either,even,odd,none}=γ{even,odd,none};theformeris

superfluousandcanbedeleted.Thesameistruefor{}and{none}.
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WhyareGaloisconnectionsimportant?

a

UI
(S) α

(a) γ

α

γA PC

S

α(γ(a))va

S⊆γ(α(S))

1.forS∈PC,α(S)givesthemostpreciseapproximantinA

2.itformalizes(over)approximation(⊆inPCabove!):S⊆γ(α(S)),

andforallS∈PC,f(S)⊆γ(f
]
(α(S)))

3.itensuresthatuAisconjunction—aua
′
isreadasa∧a

′
—

becauseγ(uiai)=∩iγ(ai)

4.forf:PC→PC,wecansynthesizethemostprecise

approximation,f
]
best=α◦f◦γ

Dams:forf:C→P(C)inanSTS,f
]
best:A→P↓(A)is

f
]
best(a)=↓{α{c

′
}|c∈γ(a),c

′
∈f(c)}—theminimal∃∃-relation
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Logics
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Weusealogictostatepropertiesof(C,f)

p∈Propφ∈L

φ::=p|op
k
g(φi)i<k

[[·]]⊆C

[[p]]=γ(p)

[[op
k
g(φi)i<k]]=g[[φi]]i<k

Collatzexample:

φ::=even|odd|φ1∧φ2|φ1∨φ2|2φ

[[even]]=γ(even)[[odd]]=γ(odd)

[[φ1∧φ2]]=[[φ1]]∩[[φ2]]

[[φ1∨φ2]]=[[φ1]]∪[[φ2]]

[[2φ]]=˜pref[[φ]],where˜pref(S)={c|f(c)⊆S}

c∈[[2φ]]means“∀f.φ”—allnextf(c)-statesbelongtoφ—for

transitionfunction,f:C→P(C).
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Collatzexamples:

. . .

0123456

10

. . .

16

γ{even}={2n|n≥0}

γ{odd}={2n+1|n≥0}

3∈[[odd]]

3∈[[odd∧2even]]

10∈[[2odd]]

126∈[[2odd]]

We’llexaminepathlogics,where[[ψ]]⊆C
∗
,later.
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Approximatingthelogic
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WewillapplythelogictotheabstractSTS,(A,f
]
)

For(A,f
]
),γ:A→P(C),wemustdefinea[[·]]

A
⊆Asothatitis

1.weaklypreserving(sound):

foralla∈A,a∈[[φ]]
A

impliesc∈[[φ]],forallc∈γ(a)

2.bestpreserving:

foralla∈A,a∈[[φ]]
A

iffγ(a)⊆[[φ]]

Forsoundness,[[·]]
A

mustunderapproximate[[·]]:

γ

αu

op P (A)

UI

[[]] ϕA

[[]] ϕ

[[]] ϕA γUI

op
P(C)

thatis,γ[[φ]]
A
⊆[[φ]].
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Collatzexamples:abstracttransitionfunction,f
]
:A→P(A):

even odd
x:= 3x+1

x:=x div2

x:=x div2

f
]
(odd)={even}

f
]
(even)={even,odd}

Weanticipatethat

odd∈[[odd]]
A

odd∈[[odd∧2even]]
A

buteven6∈[[2odd]]
A

duetolossinprecision.

Howdowedefine[[·]]
A

?
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Howtocompute[[·]]
A

from[[·]]

ForthisGaloisconnection,

P(C)

UIUI

αo

γP(A)

γ:P↓(A)→P(C)preservestaswellasu—itcanbeinverted:

UIUI γ

αu

op
P(C)

[[]] ϕ[[]] ϕ αu

op P (A)
αu:P(C)

op
→P↓(A)

op

isnew:

αu(S)={a|γ(a)⊆S}

αutellsushowtoabstract[[φ]]—useαu[[φ]]!

Theorem:αu[[·]]isbestpreserving.Butit’snotdefinedinductively....
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Asoundinductivedefinitionrequiresag
[

[[p]]
A

=αu[[p]]={a|γ(a)⊆γ(p)}

[[op
k
g(φi)i<k]]

A
=g

[
[[φi]]

A
i<k

whereg
[

underapproximatesg:γ(g
[
(T))⊆g(γ(T)),forT∈P↓(A).

Sometimes,obviousselectionsforg
[

workwell:

[[φ1∧φ2]]
A

=[[φ1]]
A
∩[[φ2]]

A

[[φ1∨φ2]]
A

=[[φ1]]
A
∪[[φ2]]

A

becauseγpreservesboth

meetsandjoinsinP↓(A).

[[2φ]]
A

=˜pref][[φ]]
A

,wheref¢f
]
,because

f

#
#f  (a)

U
I]] [[ϕA

a

γ
γ#f  (a) ()]] [[ϕA

γ

U
II

U

]] [[ϕ
UI

(a) γ∋ c

f# f by f(c) c

underapprox the logic

(overapprox the computation)

f

ifallf
]
(a)’sanswershaveφ,somustf(c)’s,becausef

]
“covers”f
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Themostprecise(largest-set)inductivedefinition

[[p]]
A

=αu[[p]]

[[op
k
g(φi)i<k]]

A
=g

[
best[[φi]]

A
i<k,

whereg
[
best=αu◦g◦γ

k
,forg:P(C)

k
→P(C)

Example:(˜ pref)[
best=αu◦˜pref◦γ={a|f

∗
(γ(a))⊆γ(T)}.

Proposition:(weakpreservation)αu[[φ]]⊇[[φ]]
A

Theorem:(bestpreservation)Whenγiscompletewithrespect
tog,thenαu[[φ]]=[[φ]]

A
.

γiscompletew.r.tgiffsoundnessisexact:g◦γ=γ◦g
[
best.

Theorem:(˜ pref)
[
best=˜pre(f

∗
)
]
best

v˜pref]

Thepreimageof(f
∗
)
]
best=αo◦f

∗
◦γ,themostpreciseoverapproximationoff,

equalsthemostpreciseunderapproximationof˜ pref.
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Anexistentialassertion:3φ

2φisa“universalassertion.”Incontrast,3φassertsthereexistsa

nextstatewithφ:

[[3φ]]=pref[[φ]],

wheref:C→P(C)andpref(S)={c|f(c)∩S6=∅}.

Hereisitsmostprecise(largest)underapproximation:

[[3φ]]
A

=(αu◦pref◦γ)[[φ]]
A

={a|forallc∈γ(a),f(c)∩γ(T)6=∅}
Thisisa∀∃-set.

Canweuse[[3φ]]
A

=pref][[φ]]
A

?NO.Collatzexample:even→even,

10∈γ(even),yet10→5only—anevenisnotguaranteedtotransittoaneven.

Canweuse[[3φ]]
A

=pref[
0
[[φ]]

A
,wheref

[
0=αu◦f

∗
◦γ?NO.Allsets,

[[φ]]
A

,aredownwardsclosedinA.Butpref
[
0

(T),fordownclosedT,isan

upwards-closedset!
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Underapproximatingcontrol
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Someperspective:Over-approximationstates
apropertyofaprogram’soutputs

Nat} { 2n | n∋

αo
U
S

odd even

any

none

P(Nat)Parity
γ

even∈Parityasserts“∀even”—allconcreteoutputsinsetS
areeven-valued.(WemightwriteSρevenorS|=even.)

Theupperadjoint,γ,selectsthelargestsetapproximatedby
even:

{ 2n | n∋Nat}

even
{0,2}

{0}{2}

{2,4,8,16,...}

ρ

γ

{ }

γ(a)=∪{S|Sρa}
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Under-approximationmightbestatedasthedual

Here,evenassertsthatallevensareincludedintheconcrete
outputs:

Nat} { 2n | n∋
U

αu

P(Nat)opop Parity

S

odd even

none

any

γ

Butaswesawearlier,thissubset-underapproximationisnotwell

suitedtounderapproximatingcomputation:

Collatzexample:f={0→0,1→4,2→1,3→10,···}

Forf
[
0=αu◦f

∗
◦γ,

f
[
0(odd)=αu(f

∗
{1,3,5,···}=αu{4,10,16,22,···}={none}(!)
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Under-approximationasexistentialquantification

Iftheover-approximatingeven∈Parityasserts“∀even,”

{ 2n | n∋Nat} P(Nat)

{0,2}

{0}{2}

{2,4,8,16,...}

{ }
o

even

ρ

Parity

thentheunder-approximatingeven∈Parity
op

shouldassert
“∃even”—thereexistsanevennumberintheprogram’soutputs:

P(Nat)opop Parity

{2,4,8,16,...}

Nat

{0,1}even
{0}

uρ

{2}

{5,7,9,12}

FortheCollatzexample,thisletsusdefinef
[
(odd)=even—for

everyodd-valuedargument,thereexistsaneven-valuedanswer.
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Butwecannotdefineγ:Parity
op

→P(Nat)
op

intheusual
way:

? P(Nat)op
γ

{5,7,9,12}
{2}

{2,4,8,16,...}

Nat

{0,1}even
{0}

ρu

Thereisnobest,minimalsetthatcontainsanevennumber.

Indeed,even’sconcretizationisnotasingleset—itisasetof
sets:

γ(even)={S∈P(Nat)
op

|Sρueven}

Thissuggeststhatweworkwithpower-domainsinboththeconcrete

andabstractdomains.
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Universal(over-approximating)interpretation:{even,odd}

asserts∀{even,odd}≡∀(even∨odd)—alloutputsareeven-or

odd-valued:Usealowerpower-domain(lowersets)fortheabstractdomain.

{ S | Shas even numbers only}

{ S | Sis a subset ofNat}

{ }

γ

P (Parity)

{ }

{even,none}{odd,none}
{none}

{even,odd,none}

{any,even,odd,none}

(P(Nat)) P

∀(evenvodd) =

Existential(under-approximating)interpretation:{even,odd}

asserts∃{even,odd}≡∃even∧∃odd—thereexistsaneven-

valuedandanodd-valuedoutput:Useanupperpower-domain(uppersets).

γ { S | Sis nonempty}

{ S | Sis a subset ofNat}

{ S | Shas an even}

{ S | Shas an even and an odd}

{ }

op

∃even∃

{ }

{even,either}

{none,even,odd,either}

{odd,either}

{even,odd,either}

{either}

odd

v

P (Parity)
(P(Nat)    ) P

=
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Existentialapproximationusesthe
Smyth-powerdomainordering

Forconcretevalues,S⊆C,andabstractvalues,T⊆A,

Sρ↑Tiffforalla∈T,thereexistsc∈Ssuchthatc∈γ(a)

Everya∈Tisawitnesstosomec∈S.(Smyth-powerdomainordering)

γ↑(T)={S|Sρ↑T}concretizesTtoallsetsthatT“witnesses”—Itis
anoverapproximationofanunderapproximation:

γ

α

...

UI...

UI

. .

P (P(C)  )
op

P (A)

α↑(S)=∪{T|forallS∈S,Sρ↑T}

={a|forallS∈S,existsc∈S,c∈γ(a)}
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Universalapproximationusesthe
lower-powerdomainordering

Sρ↓Tiffforallc∈C,thereexistsa∈Asuchthatc∈γ(a)

Everyc∈Sismodelledbysomea∈T—(lower(“Hoare”)powerdomain

ordering)

γ↓(T)={S|Sρ↓T}concretizesTtoallthesetscoveredbyT—Itis

anoverapproximationofanoverapproximation:

γ

α

...

UI

...

UI

P (P(C))P (A)

α↓(S)=∩{T|forallS∈S,Sρ↓T}
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Summary:Formsofapproximation

Forf:C→P(C)anditslift,f
∗

:P(C)→P(C),
forf

]
:A→P↓(A),f

[
0:A→P↓(A),andf

[
:A→P↑(A),

overapproximationunderapproximation

setinclusion
γ f*(        )

# γf  (a) (         )
(a)

f
∗
(γ(a))⊆γ(f

]
(a))

γ f*(        )

b γ0f   (a) (         )

(a)

f
∗
(γ(a))⊇γ(f

[
0(a))

quantification
γ f*(        )

# γf  (a) (         )
(a)

f
∗
(γ(a))|=∀(f

]
(a))

b γf   (a) (         ) (a) γ f*(        )

f
∗
(γ(a))|=∃(f

[
(a))

¨Read∀(f
]
(a))≡∀{a0,a1,···,ai,···}≡∀(a0∨a1∨···∨ai∨···).

¨Read∃(f
[
(a))≡∃{a0,a1,···,ai,···}≡∃a0∧∃a1∧···∧∃ai∧···.
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Summary:Approximatingthelogic

φ::=p|···|2φ|3φ

[[p]]
A

=αu[[φ]]

[[2φ]]
A

=˜pref][[φ]]
A

[[3φ]]
A

=pref[[[φ]]
A

wheref
]
:A→P↓(A)

andf
[
:A→P↑(A).

Tooverapproximatef:C→P(C),usef
]
best:A→P↓(A),

f
]
best=αo◦f

∗
◦γ=α↓◦({|·|}◦f)

∗
◦γ

Inthisthesis,Damsdefinedf
]
best(a)=↓{α{c

′
}|c

′
∈f(c),c∈γ(a)}.

Tounderapproximatef:C→P(C),usef
[
best:A→P↑(A),

f
[
best=α↑◦({|·|}◦f)

∗
◦γ

Inhisthesis,Damsdefinedf
[
best(a)={a

′
|γ(a

′
)∩f(c)6=∅,forallc∈γ(a)}.

Dams,Gerth,andGrumbergprovedthatthesedefinitionssoundlyvalidatethemost

logicalpropertiesoff.
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WecanalsovalidateLTL:ψ::=p|Fψ|Gψ|···

[[p]]={π∈C
∞

|π0∈γ(p)}

[[Fψ]]={π∈C
∞

|existsi≥0,πi∈[[ψ]]}

[[Gψ]]={π∈C
∞

|foralli≥0,πi∈[[ψ]]}

Usef
]

togeneratepathsofform,π
]
=(ai)i≥0,suchthatforalli≥0,

π
]
i+1∈f

]
(π

]
i).Validate

a0|=∀ψ“forallpaths,π
]

startingwitha0,π
]

|=ψ”

toprovec0|=∀ψ,forallc∈γ(a0),sincef¢f
]
.

Usef
[

togeneratepathsπ
[
=(ai)i≥0,suchthatforalli≥0,

π
[
i+1∈f

[
(π

[
i).Validate

a0|=∃ψ“thereexistsapath,π
[
,startingwitha0,suchthatπ

[
|=ψ”

toprovec0|=∃ψ,forallc∈γ(a0),sincef
[
¢f.
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Mixedmodalitiesandmixedmodels

Toprovethattransitionsfromeven-valuedstatesnever“gofar,”

even|=
A
2(even∨3even)

weneedmorethanjustasoundoverapproximationaloneorasound

underapproximationalone:

even oddeven odd

Workingwiththetwotogether—asamixedmodel—wecanvalidate

theclaim:

even odd

Definition:ForKripkestructure,(C,f,γ),amixedmodelis
(A,f

[
,f

]
)suchthatf

[
¢fandf¢f

]
.
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Otherextensions

Thevalidationlogiccancontainrepetition/recursion:

φ::=p|2φ|3φ|···|µZ.φ|νZ.φ|Z

Soundcheckingispreservedonthemixedmodels.

Wecandefinestandardmodalities,e.g.,

AGfinφ≡νZ.φ∧2Z

AGφ≡νZ.φ∧3true∧2Z

andusethem:

even|=
A
AG(even∨3even)

Finally,wecanhavemorethanonestate-transitionfunction,g,and

thecorrespondinglogicalmodalities,[g]φand〈g〉φ,asin

Hennessy-Milnerlogicanddescriptionlogic.
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Underapproximatingdata
structure
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TVLAmodelsofobjectnetworks[Sagiv,Reps,Wilhelm]

Acollectionofdataobjects,
r

x

y
lr

r

canbemodelledbypartitioningtheobjectsbasedontheirproperties
andabstractingtheirlinkage:

l
x

y

rr

r

Saywehaveγ:Prop→P(Object),e.g.,
Prop={xpointsTo,ypointsTo}.

PartitionObjectbyc≡γc
′
iff(forallp∈Prop,c∈γ(p)iffc

′
∈γ(p)).

Allpartitionsarenonempty—distinguishbetweensingleton
partitions,,andmultiple-objectpartitions,.
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Eachfieldnamedefinesa“transitionfunction”

Abstractafieldfunction,f:C→C,asf
]
:A×A→{0,1,1/2}:

f
]
(a,b)=1:forallc∈γ(a),forallc

′
∈γ(b),

f(c)=c
′

f ab

f
]
(a,b)=1/2:thereexistc∈γ(a),c

′
∈γ(b),

suchthatf(c)=c
′

f ab

f
]
(a,b)=0:otherwise

(thereareno
c∈γ(a),c

′
∈γ(b),

suchthatf(c)=c
′
)

ab

¨TVLAisanoverapproximatingmodel,wheresomenodesandlinksareexact.

¨WemightreworkTVLA’sapproximationsasf
[

:A→P↑(A)(for1values)and
f
]

:A→P↓(A)(for1/2and1values).

¨f
]
(a,b)=1isa∀∀-abstractionoff(theusualf

[
isa∀∃-abstraction),but∀∀

coincideswith∀∃inTVLAmodels,whereconcretegraphsaredeterministic.
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Logicalpropertiesoftheshapegraph

TVLAusesfirst-orderpredicatelogicplustransitiveclosure:

φ::=pk(ei)i<k|···|∀x.φ|∃x.φ|p
+
(e1,e2)

Example:forl
x

y

rr

r

∃i.xpointsTo(i)∧∃j.l(i,j)∧¬(∃k.r
+
(j,k)∧xpointsTo(k))

holdstrue:Startingfromx’sl-field,repeatedtransitionsofther-field

neverleadbacktox’sobject.

WecouldalsouseaBox-Diamondlogic,likethatusedtostate

propertiesofcontroldiagrams,tostatepropertiesoftheshapegraph:

x|=〈l〉AGr¬xpointsTo,whereAGrφ=νZ.φ∧[r]Z
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Underapproximationin
specification
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Modaltransitionsystems[Larsen,Thomson]

Areactivesystemcanbespecifiedwithanunder-over-approximation.

Aslot-machinespecification:inactivecoinInsertedcoinWon

Must(“tight”)-transitionsindicatebehaviorsthatthecompletedmachinemust

possess;may(“loose”)-transitionsindicatethedomainofacceptable(butnot

required)behaviors.

Twopossibleimplementations:

(i)Amachinethatkeepsallcoins:coinInserted inactive

(ii)Amachinethatmightpayoneortwo20pcoinsfora50pcoin:

20pCoinInserted

20pCoinWon

2nd20pCoinWon

50pCoinInserted inactive

(-:/48



Definition:Amodaltransitionsystem(MTS)isa
mixed-transitionsystem,(C,fmust,fmay),suchthat
fmust(c)⊆fmay(c),forallc∈C.

Everymust-transitionisalsoamay-transition(“whatmustbeimplemented,surely

maybeimplemented”).

AnMTScanbestepwiserefinedintoanimplementation—anSTS

(thisisanMTSwherefmust=fmay)—viarefinement:

Definition:Formodellingrelation,γ:C
′
→P(C),

(C,fmust,fmay)¢(C
′
,f

′
must,f

′
may)ifffmay¢f

′
mayandf

′
must¢fmust.

May-transitionsarepreservedordeleted,andmust-transitionsare

preserved/increased.

WecanusethelogicsstatedearliertowritepropertiesoftheMTS.
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Descriptionlogic[Baader,etal.]

Descriptionlogicisusedtospecifyknowledgebases:

φ::=p|φ1tφ2|φ1uφ2|∀R.φ|∃R.φ|≥n.R|≤n.R

Read∀R.φas[R]φand∃R.φas〈R〉φ.Readc|=≥n.Riff|{c
′
|R(c,c

′
)}|≥n.

Example:Tbox:IntTree≡≥0.hasIntu∀children.IntTree

BinTree≡IntTreeu≤2.children

Abox:hasInt(t,3)children(t,u)children(t,v)

hasInt(v,10)hasInt(v,5)children(v,w)

Descriptionlogicisa“superProlog”whoseinferenceengineisamodelchecker!

children

3

t

u

v
children

hasInthasInt10

5

children
w

hasInt

Istheexampleanover-oranunder-specification?

(-:/50



Inhisthesis,Ciocoiuusesdescriptionlogicasameta-languagefor

inexactlanguagetranslation:

Bothsourceandtargetlanguagesaregivendescription-logic

semantics;translationofasourcesentenceintothetargetlanguage

producesanoverapproximationtranslationandan

underapproximationtranslation:

minimal overapprox.

expressible in
target language

votedFor(Kerry)

votedFor(Bush)

ownsUSApassport

Person

USAcitizen

UNDEROVER
maximal underapprox.

watchesSuperBowl

concept not directly

Takentogether,thetwoinexacttranslationsdescribethesource

conceptinthetargetlanguage.
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Conclusion
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Explainingtheslogan:“Overapproximatethe
computationandunderapproximatethelogic”

¨
thelogicisunderapproximated

withP↓(A)
op

:

γ

αu

UIUI

op P(A) P(C)
op

¨

acomputationisapproximated

foruniversalpropertieswith

P↓(A):

γ

α

...

UI

P (A) ...

UI

P (P(C))

¨

acomputationisapproximated

forexistentialpropertieswith

P↑(A):

γ

α

...

UI...

UI

. .P (A) P (P(C)  )
op

¨Bothofthepreviousapproximationsuseconcretedomainsof

form,P↓(P(·)),makingthemoverapproximationsoftheconcrete

system.
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