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1. Applications:

¢ abstract testing and safety checking
¢ program transformation

¢ assertion checking and discovery

2. Logics:

¢ state logics: propositional

¢ trace logics: linear- and branching-time
temporal logics



Abstract testing and model generation

Ry: while isEven(x) { ! )
. x = x div 2; Po, even Po,odd
} D1, even P2,0dd
B X =4 7* X Po,CmD p3,even
Py exit pz,/odd
p3, even

Each trace tree denotes an abstract “test” that covers a set of
concrete test cases, e.g., y(even) ={...,—2,0,2, ...}.

Forms of abstract testing:
¢ Black box: For each test set, S C C, we abstractly interpret with
x(S) € A. (Best precision: ensure that S = y(«(S)).)
¢ White box: for each conditional, B;, in the program, ensure there
IS some a; € A such that y(a;) = {s | B; holds for s}

Once we generate an abstract model, we can analyze it further — ask
guestions of its paths and nodes — via model checking.



Low-level safety checking

There are a variety of errors that might be checked on an abstract

model; one example is type casting: " Object
Bool Raﬁonal{...ra\t\‘\VaIue...}
pPi: ... ((Rational) x).ratValue()... \ In|t |
L

Perhaps a static analysis calculates the abstract store arriving at pj:

¢ py, (...x: Int...): no error possible — remove the run-time check
(because Int C Rational, hence y(Int) Cc yv(Rational)).

¢ pi, (...x: Object...): possible error — retain run-time check
(because Object [Z Rational)

¢ pi, (...x : Bool...): definite error, because BoollRational=1
(assuming y(L)=_Lc).



The approach to safety checking:

1. Design a Galois connection, C{x,vy)A, such that all “checkpoint
conditions,” ¢; € C, are abstracted exactly by «(ci) (that is,
ci = v(a(cy)) or equivalently, c; € y[A]). (Otherwise, we might
have that a’ Ca «(ci) yety(a’) Zc ci.)

2. For each checkpoint, c; at program point p;, for each abstract
value, ai, that arrives at py, check if a; Ca o(cy).

If a; CA «(ci), then no error is possible; if a; ZA «(cy), then an
error is possible.

When y(LA) = L, and L denotes no value/dead-code, then
aiMa(ci) = Laimplies y(ai) Ny(ax(ci)) =v(aiy) Nci = Lc. Thus, no
c Cc v(ay) satisfies ¢c; — a definite error.



Two more examples:

Array-bounds and arithmetic over- and under-flow checks

¢ Analysis: interval analysis, where values have form, [i,j], 1 <j.

¢ Checkpoints: for a[e] — e has value in range, [0, a.length/;
for int x = e — e has value in range, [—23" — 1, +231 —1]

Uninitialized variables, dead-code, and erroneous-state checks

¢ Analysis: constant propagation, where values are {k}, L, or T.

¢ Checkpoints:
uninitialized variables: referenced variables have value # 1

dead code: at program point p;, arriving store has value # _L;
erroneous states: at program point p; : Error, arriving store has
value = L. (Note: This can be combined with a backwards analysis, starting

from each p; : Error with store T, working backwards to see if an initial state is

reached.)



Program transformation: Constant folding

J, 1, T
e R
> while (x <y +2) { ‘w10 1 2" P P3
P . ' 22
D, X = x + 1; NN o~ 2& 12T
\ N T,2T
Py exit e T2,

The analysis tells us to replace y at p; by 2:
x =1; y=2; while (x <2 +2z) x=x+1

Basic principle of program transformation:

If a; € A arrives at point p; : S, where f; : C — C Is the concrete
transfer function, and there are some S’, f/ such that f;(c) = f'(c) for
all c Ccvy(ai), then S can be replaced by S’ at p;.

For constant folding, the transformation criteria are the abstract
Integers ... — 1,0, 1, ... (but not T).



Program transformation: Code motion

A compiler translates a program into blocks of three-address code:

prod = O; ¢
I = 1; prod = 0O
do { 1 =1
prod = prod + a[i] * b[i];
I =1 + 1; L:l
} while 1 <= 20 tl = 4 * j
t2 = addr(a) - 4
. . t3 = t2[tl]
The  translation  sometimes t4 = addr(b) - 4
generates inefficent code, as t5 = t4[t1]
array-indexing expressions are o =13 * 15
prod = prod + t6
expanded: i =i+ 1
1T 1 <= 20 goto L
|

Note: This example comes from the Aho and Uliman “green dragon” compiling text.



A reaching-definitions analysis helps calculate that the statements in
the loop’s body that assign to t2 and t4 are constant — the
assignments can be moved out of the loop:

¢ ¢

prod = 0O prod = 0O
1 = 1 1 =1

t2 = addr(a) - 4
L:i t4 = addr(b) - 4
tl = 4 * 1
t2 = addr(a) - 4 Lii ]
t3 = t2[t1] tl =4 "1
t4 = addr(b) - 4 t3 = t2[tl]
t5 = t4[t1] t5 = t4[tl]
t6b = €3 * t5 t6 = t3 * t5
prod = prod + t6 prod = prod + t6
1 =1 +1 1 =1 +1
1T 1 <= 20 goto L 1T 1 <= 20 goto L

V V



Precondition checking and assertion synthesis

A backwards-necessarily analysis can synthesize precondition
assertions that ensure achievement of a postcondition:

pq:then x = x+1 { notpos  notneg
P2 :else x = x-1 neg  zero pos
p3:halt  (x:| notneg) e
x:l TN | notneg =] notne £ (a) = allzero = xof_goYy
y /4\ g — g =0 -
! 7% (a) = aof e.g., f% (notneg) = pos;
x:] Ty P0 \x: notneg #ola) 7 #Ool 91 20 4 9)=v
H AN 1 f7o(zero) = Lif7(T) =T
=0 “T%o where
x| pbtneg x:] pos ffl(a) —axofyy07, €.0., ffl(notneg) = pos
D1;§:T\ /#171]92 la={a’"€A|a' Cda}
1:x+1 T P3T fx—l ST 4
A f (S)={ae A|f"(a) €S}

Goal: x:] ncl)tneg



The entry condition can be used with a forwards-possibly analysis to
generate postconditions that sharpen the assertions:

all

(x :notneg) po: if x=0 Si/g'n"é PN
p1ix = x+1 { notpos  notneg
p2:x = x-1 zero  pos

P3: halt \\\no‘ne/
x :ngotneg

f# /PX N f# fo(a) = allzero = xof_g oy

f
) ~ o
f

& 1 pos io(a) =aofyoy, eg, fjfo(notneg) = POS;

Pi P2 fffo(zero) = 1; fjfo("l') =T

2 i where
i N g ffi(a) —xofii07, €.g., ffl(notneg) = pos
X: pos pg x:notneg

V

X :posLInotneg = notneg

The forwards-backwards analyses can be repeatedly alternated.



General assertion checking

Checking user-supplied assertions is a form of low-level safety
checking, e.g., we might check p;:assert { x != 0 }

It is crucial that an assertion, ¢ € C (say, for C = p(Store)), be exactly
abstracted: ¢ € y[A], thatis, y(x(P)) = ¢.

all

Example: x != 0, thatlis, S}gns t/ \t

x €{..—2,—-1,1,2, ..} ' notpos  notneg
NN

IS not exactly abstracted in Signs: x,\"eg\ ZT’O pos .

Let ¢ abbreviate {s : Store | ¢ holds for s}:
x(x!=0)=a(x<0Vx >0) =a(x < 0)Ux(x >0) =neglipos = all.

To check x!=0 for a, we should check if a E neg or a C pos — not
a C all! (The underlying issue is y(neg L pos) # y(neg)Uy(pos).)
Nonetheless, the Signs domain defines its own "logic.”



An abstract domain defines a “logic”

For p(D){(x,v)A, each a € A is a “property/predicate,” and
v(a) € p(D) defines those concrete states that make a “true”:

s has a , written s =4 a, iff s € y(a)

Because y preserves I, we have that

cEanbiffc=Eaandck=Db
a’CafnbimpliesforallceD,ifck=a’thenc=aandckE=Db

" behaves like conjunction — (A, M) is a logic.

Example: From 0 =sign notneg and 0 =sign notpos, we deduce
0 E=sign notneg Mnotpos.

When ¢ € y[A] and ¢, € y[A], we safety-check whether a € A
satisfies assert{d1 /A by} by checking a 5 a(dq) and a Ca x(d2).

Example: We check (x : zero)assert {x < 0 /A x > 0} by checking
zero Cgign ®(x < 0) = notpos and zero Csign &(x > 0) = notneg.



Constructing the abstract logic, (A, M)

We can construct the logic, (A, M), and its Galois connection as a
freely generated complete lattice:

Say the concrete domain is D, and F is a possibly infinite set of
primitive “properties.” Say that we have an entailment relation,
— C D xF.

Example: D = Int and F = Sign = {neg, notneg, notpos, pos};
—2 = notpos, 0 = notneg, etc.

We generate a Moore family from F by constructing all possible
conjunctions of the properties listed in F:

Define F to be the set of conjunctions of form, Mic; a;, where I C Nat
and all a; € F

Example: notpos M notneg € Sign.




Next, we interpret the conjunctions with the map, v : F — »(D):
Y(Mierai) = Nier d(ai)
where 0(a)={ce D |ckEa}
v(aiM..Map)givesalld € D suchthat“d = a;Mn...May"
Example: y(notpos Mnotneg) ={...,—1,0} N {0, 1, ...} ={0}.

v!F] is a Moore family, because it is closed under intersections:
MNicr Y(fi) = v(Mierfi). There is a Galois connection, o(D)(c,id)y[F].



Since 1 is associative, commutative, and absorptive, we might try
representing Mic1a; as {ailier, €.9., notpos NMnotneg is represented
as {notpos,notneg}. This means I is just set union.

We have this Galois connection, (9(D), C)(«x,v)(p(F), 2):

Y(T) — ﬂaeTé(a)
«(S) ={a|S Cé(a)}
where 6(a) ={ce D |cE a}

Here, SC TIiff T C S, which is not so interesting.

If the properties, F, are partially ordered and 6 : F — p(D) is
monotone, then we have this Galois connection:

(p(D), SN, V){TT | T € F}, 2),

where TT ={a’ € F|exists a € T,a Cf a’} is the up-closure of set T.
This gives us more interesting “implications,” C, in the abstract
domain.



Making U into disjunction (1)

The LI operation does not behave like “or” for the Const abstract
domain:

/ multlplevalues

-~

Const _|_ .
| / \\ var holds

\var holds
\\ // ‘thisvalueonly
_var ‘holds no value

-~

______ .-~ (dead code)

For example, we have 1 =1,and also 1 = T. But
=1 u2=1120U3=213, etc.

Thisimplies1 =20 3. Butisittruethat 1 =2or1 =3 ? No.

The technical problem is that y(a LI b) # y(a) Uy(b). The problem
should be repaired by inserting a more precise element than T to
denote 2 L 3, etc.



Making U into disjunction (2)

Given p(D)(«,v)A, we have that LI behaves like disjunction when
v(aUab) =v(a) Uy(b)

That is, Lia must be forwards complete for U. We then have

¢ cEalUbiffcl=aorckEDb

¢ a/Callbimpliesforallce D,ifck=a’thenckEaorckEb.
and (A, 1, L) is a logic.

When there are a,b € A such that y(a Lip b) # v(a) Uvy(b), we insert
a new element, a’, suchthat a’ =alUbandy(ala b) =vy(a) Uy(b).

Example: The completed Signs domain: | |
It is precise enough to check the asser- ”OtPOS notzeronotneg

tion, x!=0, thatis, x<0 or x>0 eg/ie,?,\



Making LI Into disjunction (3): bisjunctive completion

Given abstract domain, (A, C 4 ), we can construct its disjunctive
completion as

o (A)={LS[|S S A} C)
where |[S={ac A|existsa’ € S,aCA a’}. Thatis, | S is the down
closure of S.

Intuition: [{a} € p|(A) represents a € A. A “non-singleton” set,
{ao, ..., ai, ...}, represents the join of elements {ay, ..., ai, ...} C A.

Given the Galois connection, p(D){(«x,y)A, we can construct the
Galois connection on p1 (A) as p(D)(x|,v|)e(A):

Yi(T) =Ugerv(a)
x| (S) =T € pr(A)[S Cy(T)]

and we can prove easlly that this Galois connection makes Ll (a) = U
(in p| (A)) forwards complete for U (in p(D)).



Constructing an abstract logic, (A, 1, 1)

For concrete domain D, a finite set of “facts,” F, and an entailment
relation, = C D x F, let F be the set of finite disjunctive normal form
(DNF) phrases built from F:

(aj1 M apM..am)U(ayMaxnM...axym)d---U(am M am2 M...amn)

forall ay; € Fand m,n > 0.

Define this map:
Y(a)={ceD|cEaj
y(aUb) =vy(a)Uy(b)
y(amb) =vy(a)Ny(b)

This is of course the distributive complete lattice that is freely
generated from generator set, D.



1. v[F] is closed under unions: y(f1) Uvy(f2) =vy(f; Ufy), and f; L f>
IS In DNF.

2. As Fis finite, y[F| is a Moore family: v(f{) Ny(f2) = vy(f;nf,), and

since frM(gUh) =, (fMg)U (fMh), there is a DNF formula that
IS y-equivalent to f; M f».

The logic for the Galois connection p(D){c,id)y/(F) is (F, 1, ).
Example: Generating the Sign logic, (Sign, M, L):

From Sign = {neg, zero,pos} and = C Int x Sign, we obtain

(M()) = neg U zero LI pos
Sign = Sign/y = neg Ll zero negLlpos zero LI pos

S
i

negfllizeroll1pos



Domains might employ a negation operation

 State <=7 0 7- _l_ 5
P(State) | true .
/ \ - / \Propertles
'3{S| b true} {sl ¢ false} Tead
(e o 4»\ P
e ] L

Each element, a has a unique complement element, —a, such that
ald—a=Tandall—a=_1.

When the domain is a distributive lattice, we have a boolean algebra,
where these laws hold: —(alLUb) = —al—band —(allb) = —all—b.

If (D) and A are boolean algebras, and y preserves negation, that
IS, v(—a) = ~vy(a), then y also preserves L.

This makes (A,—, L, M) a classical propositional logic.



Predicate abstraction, revisited

Recall that we proved z > x /A z > y at p3:

Po, (%,7,7)
1 f X <y
0 thenz =y p1, (t,2,2) P2, (f,?,?)
. else z =x I |
e et P3, (L1, 1) p3, (f, t, 1)
- D1 =x<
We chose three predicates, and com- J
puted their values at the program’s points. ~ $2 =2 =%
At P3., (l)Z/\ Cl)g holds. Gr=2z> y

The analysis used a logic, (F,M), where F is the set of conjunctions
generated fromF={x<y,z>x,z> vy, x<y,7z > X,z > V|

E.g., (f,?,9) atpyis —~dy, and (f, t, t) at p3 (right) is —b1 M b2 M P3.

Depending on the underlying “logic” and static analysis, there
are many forms of “predicate abstraction” and “refinement.”



Properties of execution traces

. Linear Time Logic

We now move from describing
properties of states to describing
entire execution traces:

b while x > 0 {

% x = 0;
P, : useresource
_ . G use
x = x + 17} resource
P, . sleepforever forever

Will 7t enter p7 inits Future? mgEF at p;

Is it Generally true that p; is reached in the Future ?

— Yes

Will T Generally avoid resource misuse?
No

— Yes

V

Po, do, |
p1)q0>1
Po, do, 2
p1>q0>2

>P1>GI1,0

p0>q1>1
p1,d1, 1
Po,d1,2

V

Po,q1,k

e GF at p;

nEG—(atpifatqr) —



An LTL property, ¢, describes a pattern of states in a trace:
Let X be the concrete states, assume p(X)(x,y)A, and let a € A:

MiniLTL: ¢ == a| G | Fd Semantics: [¢] C p(Trace(X))
[a] = {mt| mo € vy(a)} (initial state, ry, has state-property a)
[Gp] = {m|Vi>0,t 1€ [d]} (allsubtraces of 7w have )
[Fp] = {n|FH >0,t |1 [Pp]} (existsa subtrace of 7 with ¢)

where, for t =sy — s1 — -+, let mp=spand = | i=s; — si11 — - - -
For m € Trace(X), we write wE ¢ to assertthat T € [¢].

MInILTL abstracts trace sets: Using r-completion, we build the
Galois connection, (P(Trace(X)), C){(x,v)(P(MIniLTL), D), where
M =Uin P(MiniLTL):

Y(P) =] | € P} (the traces that have all the properties in P)
x(S) ={d | S C [d]} (properties held by all traces in S)



What we have just accomplished:
¢ We defined an entailment relation, = = ¢ (asserts that 7t € [¢])

¢ We constructed a Moore family by closing the entailment relation
under conjunction, where {agp, ay, ..., an} denotes a; MasM...Map.

¢ The Galois connection, (P(Trace), C)(c,v)(P(MIniLTL), D), uses
the logic,

(p(MInILTL), ), where 7 is set union.
For example, Fa M Fb is {Fa} U{Fb} = {Fa, Fb}.

The MIniLTL logic is a linear-time logic because it expresses
properties of “linear” traces.

MIniLTL is a weak logic — it cannot express disjunction (e.g.,

Fa LU Fb ={Fa}N{Fb} ={} = T), nor can it express “until” properties.
Nonetheless, we develop it further to learn some standard
abstractions on temporal logics.



Abstracting traces

Let X~ be the set of concrete states; the set of concrete traces
(sequences of states) is Trace(X) = TTi>oL.

Say that X is abstracted to abstract states: p(X)(«,y)A. Then, the set
of abstract traces is Trace(A) = TTi>oA. Let k € Trace(A).

We can define d1rqce : Trace(A) — p(Trace(X)) as

OTrace(K) = {(s1)i>0 | si € V(Ki)}

That is, d1rqce(K) CONCretizes abstract trace « to all traces, 7, such
that 7t; € y(k;), for alli > 0.

There Is also this Galois connection between sets of concrete traces
and individual abstract traces:

(p(TTClCG( )) C)<‘XTTacea6Trace>(Trace(A) Ew)

“Trace(s) <OC{7Ti ‘ URS S}>120



Example: Given the Parity abstraction (even, odd, none, any), and
a program with program points po, p1, etc. we might have this abstract

trace:
Ko = Po, even — pi, even — po,odd — ...

Then, d1race(Ko) € Trace(X) Is a set that includes concrete traces like
po,0 = p1,2 = p2, 1 — ...and pp,6 — p1,6 — p2,3 — ... and infinitely
many others.



Under-approximation and assertion checking

Over-approximation calculates a superset of the concrete answers:

A
e

A form of under-approximation calculates a subset of the answers:

P(C),

P(C), P(A
2

We over-approximate the answer set, S C C, by some a € A, so that
S C vo(a), and we under-approximate an assertion, [¢]< C C, by
some set, [¢]* C A, so that v, [p]* C [d]C. This gives us

a € [¢]” implies ¢ € [¢]C, forall c € y(a)



We define [¢]” as this under-approximation:

v That is,
" A= avo €

so that, for all ¢:

P(C)

(. n¢

¢ [$]€ D v [p]A
Given § : A — p(C), define (p(C), 2)(al, vI)(p(A),2) as
YI(T) = Uger 8(a)
«(S) ={al8(a) C S}

This is called the universal abstraction. & is usually the upper adjoint,
v, of the Galois connection, p(C)(x,y)A, but it is not required.

This construction generalizes the earlier slide on “General Assertion
Checking” — now, we need not require that [¢] < is a fixed point —
v(a[p]€) = [d]¢ — to check that a C o «[d]€. Instead, we check
that a € [¢]7?, which is always sound.



Deriving MInILTL for abstract traces

Here again is the concrete MiniLTL semantics, [¢]* C Trace(Z),
better structured:

[a]* = {m € Trace(X) | o € y(a))
[Gopl* = gen*[dp]*

gen>(M) ={m € Trace(Z) |Vi>0,mt | i€ M)}
[Fb]> = fut>[d]*

fut>(M) ={m € Trace(X) | Fi >0, ie M}

Here is the expected MIniLTL semantics for checking properties of
abstract traces: [¢p]* C Trace(A)

[$p]* = o” [d]*

But we prefer to define [¢]”* without explicit reference to [¢]*, and a
proof by induction on the structure of ¢ shows that «"[$]* equals the
following:



[a]A = o{7t € Trace(Z) | 7o € v(a))
[GHI? = o o gen* oy ([H]?)
[FO]A = ¥ o fut® o y" ([d]*)

(When using the inductive format, we always have «"[¢]* C [¢]*. When all

[d]* = v (" [p]*) — fixed points! — we have equality, as is the case here.)
Further analysis of the embedded functions gives us
[a]™ = {k € Trace(A) | ko C a}
[GoI* = gen?[b]A
gen™(M) = {k € Trace(A) |Vi> 0,k | i€ M}
[FoI™ = fut™[p] ™
fut™ (M) ={k € Trace(A) | L >0,k | i € M}

Because [¢]* D v¥(«"[d]*) = vT[d]A, for all ¢, we have soundness
of trace checking:



Theorem: For k € Trace(A), k € [b] implies 7t € [$p]*, for all
e vk} = &(k).

That Is, If an abstract trace, k, has ¢, then so do all the concrete
traces it models. (The theorem also holds for a set, T of traces such
that T C [dp])

For state s € X, we write
s=>V¢d toassert {me Trace(X)|my=s)C [d]*

(similarly for a € A and a =" V). That is, all traces starting with s
have property ¢.

By the above theorem, we have this result, which justifies linear-time
model checking on programs and their start states:

Corollary: a =" V¢ implies s =* Vo, for all s € y(a).



Generating traces from small-step semantics

A trace is generated from a program, P. Say that T* is the small-step
semantics that generates traces for P, and say that Trace(t%) is the
set of all possible traces generated from t* using all states in £ as
starting states.

Let Trace(t*) | s denote the subset of Trace(t*) holding exactly all
traces starting with s.

In general, for aset T C Trace(t>), defineT | s={m e T|my =s}

We can use a state to abstract a set of traces — we use s € X to
abstract the set, Trace(t%) | s. This simple idea lies at the heart of
branching-time model checking.

Note: Of course, this idea also works for abstracting a set of abstract traces
by a set of abstract states.



Abstracting a set of traces to a set of states

Define 65 : £ — Trace(t>) as &s5(s) = Trace(t>) | s.

Given state set, X, semantics t5, and traces Trace(t*), we apply the
universal-abstraction construction and generate the Galois
connection,

(p(Trace(t>)), 2) (", v") (9(Z), 2)
We have this concretization map, v" : p(Z) — p(Trace(t%)):
Y(S) = Upes Trace(t) | c
Thatis, v¥(S) builds all traces starting from states in S.

The abstraction map, «" : p(Trace(t>)) — p(X):
«"(T)={c e Z|Trace(t*) | c C T}

Includes state c € X iff all possible traces starting from c are included
In T — T “knows all about” c.



A={a0,al}

A= aoﬂag)

~

Example:

Ao = aoA1
Trace(t™) = ApgU A, where

A1 =afUalAg
(Use the greatest-fi xed point solution forAy and A;.)

All the traces are infinite, and every trace has a suffix consisting of
alternations of a; and ap or an infinite sequence of a;s:

Ao ={aparaiag..., apajapaidp, ...apa1a1Ay..., - - |
A1 ={ajajapai..., a1apa1090 ..., A1A]0A] .., "}
Y7 (ao) = Ao
Some examples: (XZ(A\S Ulary) = tao)
o’ (v'(ao)) = ao

Y o' (Ao U{a¢’}) = Ao



Deriving a logic for traces abstracted to states

This abstraction of MinILTL checks trace properties on the states that
abstract the traces: for state set, A, [¢]Y C A is defined as
[$]7 = ¥ [p]*, where [d]A C Trace(t?).

A proof by induction shows that the above definition equals
[a]¥ = a"{k € Trace(A) | ko C a)
[GH]Y = «” o genoy¥([d]7)
[F$]” = ¥ o fut™ o y¥([$]7)
Analysis of the embedded operations shows that
[a]" ={a"€Ala’'C a}
[GH]Y = gen"[]"
gen’(M) ={a € A | Vk € Trace(t?) |l a, Vi > 0, k; € M}
[F$IY = fut”[¢p]"
fut’' (M) ={a € A | Vk € Trace(t™) J a, 31 >0, k; € M)




[a]¥ ={a’" € Ala’'E d}
[Go]Y = gen[d]”
We have: gen" (M) ={a € A |Vk € Trace(t) | a, Vi > 0, ki € M}
[FOTY = fut’[$]"
fut(M) ={a € A|Vk € Trace(t™) | a, 3L > 0, k; € M}
We have just derived a fragment of the branching-time logic CTL,
where Fis CTL's AF and G is AG.
A={a0,al}

Example:
T A — N\ Q
ao\/ 1

a

ao =" F(at al) — every trace from ag reaches a;

ap =¥ GF(at al) — at every state reached by every trace from ag, aj
will be reached

a1 ¥ F(at ag) — not all traces from a; reach ag



[Go]Y = gen[d]"
[FoIY = fut”[]"

We have:

Unfortunately, the definitions of gen” and fut” are defined on entire
traces and not states! It would be more satisfying to have definitions
stated in terms of states only.

When the state set, A, is finite, we can prove that the following
definitions are equivalent to the ones seen earlier:

v gO:A
gen (M) :ﬂi>0 g1,
- giri={a€A|laeMandV(a— a’),a’ € gi
fo=1{}

- fixy={ac€AlaeMorI(a—a')a egi}
These definitions calculate the states that can be reached by the
transitions (“branches”), a — a’, in . The definitions specify a
model checker for branching-time logic.



The existential abstraction

The dual to the universal abstraction goes like this: We start with the
same concretization map: v~ : p(A) — o(Trace(t™)):

Y2(S) = Uges Trace(t) | a
But we use this abstraction map: «” : p(Trace(t?)) — p(A):
A(T)={kge AlkeT)
This Galois connection defines an existential abstraction:
(p(Trace(t™)), S) (o, y7) (p(A), C)
(Note the usual set inclusion for both powersets.)

We can use the existential abstraction to define a fragment of ECTL,
[b]7, that possesses the EF and EG modalities. But the logic
overestimates the traces that have property ¢ —itis a
possibly-analysis rather than a necessarily analysis (like [¢]7).



A dual Galois connection, based on a dual safety property, is needed
to define a necessarily analysis that includes EF and EG. This is a
topic that requires detailed development!

(See Dennis Dams’s PhD thesis, Technical University Eindhoven,
1996.)
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