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A Mangoneblses the potential energy created by tension in an elastic band, or torsion in a twisted rope.
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band catapults.

Potential Energy of the Rubber Band
| 2 2 1 Sv@els ug that the force needed to stretch a spring (or in our case, a rubber band) is:

(L0 Qw

Wherex is how far the spring is stretched, akd & | G aLINAyYy 3 O2yaidlyidé 6KAOK
spring¢ we must determine this experimentally. T)uwe can rearrange our equation to:

@0 -

From this equation we can find out the spring constabty stretching our rubber band toand
measuring the forc&it generates. Once we have duvalue, we can turn our attention to the
potential energ 0 'O stored in the stretched rubber banglenergy that can be converted to work
by our catapult. This quantity of energy (measured in Joules) can be calculated by the equation:

3)0 O -

The resulting potential energy ‘O is the total amount of energy our catapult assembly has
available to launch its projectile. Next, we need to consider how the launch actually occurs.

Rotational Kinetic Energy of the Catapult Launch Arm

The catapult launch mechanism consista¢dunch arm, anchored to a hinge or axle. The Potential
Energy of the spring is converted into motion of this arm, which swings around that axle. The projectile
itself is put into a basket on the end of the launch aythus our potential energy is coaxted into

rotational kinetic energy O

(4) 0 O 00

This, of course, assumes no energy is lost in the conversion; in reality some energy will always be lost
converted to heat by friction, or absorbed by oairt materials. But this amount is small enough that

we can ignore it for the purposes of our calculation. The kinetic energy of rotation can be expressed by
the equation:
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In this equation], is the angular velocity it measures how quickly our catapult arm spins around its
axle. “Os the moment of inertia. For our launch arm, this is the same as a rod rotating on its end, or:

6) 0 -di

In this equationr is the length (radius) of our launch arm, amds the mass of the projectileNe can
substitute the moment of inertia (equation 6) into our kinetic energy of rotation equation (equation 5),
and obtain:

(7Y OO ——&i -ai

Angular Velocity of the Projectile

While cuppedinthé@ a1 Sd +Fd G4KS SyR 2F GKS OF GF Lz 6§ Q& G KNERg

creates angular velocity> dzy G Af GKS fFdzyOK FN¥Qa Y2UA2y A&
point, the projectile is freed to move on its own, and this anguldmacity is transferred into linear
velocityv, tangentialto the arc that the projectile was traveling at up to that point.

Therefore we need to calculate, which can bet done by substituting equations (7) and (3) into
equation (4):

(8)-"@ -ai]
And solving for :
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(10)1 — —
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Finally, we can convert the angular velocity to linear velacitith the equation:
120 1 i

Substituting our value of from equation 12, we obtain:

o —i i- — o —

Notice that the radius of the launch anndisappears from our equation as we simplify it. This suggests
that the launch velocity of the projectile is not affected by the length of the arm, only by the mass of the
projectile, the extent to which the spring is pulled bagkand the spring constar® Why does this

happen? How does varying the length of the throw arm change the path and velocity of the projectile

NINE
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designing our catapult? Why or why not?

Equations of Ballistic Motion

Once released from the catapult, tipeojectile is only affected by gravity, which exerts a constant

downward force upon it (it also must comtewith friction from the air molecules arounddtair
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Notice we split the initial velocity into a vertical (y) and horizontal (x) componentsifiband cosine

functions allow us to determine how much of our initial velocity contributes to each of these directions,

given theangle between the direction our projectile was launched and the horizontal iBhe angle—
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Also, we have an extra term in our equation for verticattion: -"® . This is the downwd drag

exerted by gravityg (which we typically approximate with 9.8 m)s As the value of time is squared
(t?), we know the effect of gravity on our projectile will increase over time, pulling it downward.
Interestingly, we have no such term in oupasition, which means our projectile will continue to fly
forward at the speed we launch it, until it strikes sefiming (like a castle wall, or the ground).

Simulating our Projectile Motion in Scratch

We now have enough information to simulate our ballistic path over time on the computer. To do this,

we will utilize the programming environment, Scratch, developgdIT (available at

http://scratch.mit.edy). In addition to providing a dramnd-drop programming interface, Scratch has a

built-in graphical component a stage where Sprites can move and interact, based on theramds
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using the beach ball, but any showldrk.



http://scratch.mit.edu/

[, Scratch 1.4 of 30-Jun-09
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Figurel - Adding a projectile sprite to Scratch
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block offers one possible way of accomplishing ¢hige simply need to supyp it with an

x and y position. We can use equati¢hg) and(15) to calculate these valuesreating variables to
representa «ho , 6, and—
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Figure2 - Adding variables to Scratch
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using equations (14) and (15):

sat x |to w0 ¥t

set u to i

Note that in Scratch, order of operations is implicit in the nesting of blqcles in our first equation,
cog—}is calculted first, then multiplied by, and then byo. Also notice Scratch does not have a
Galjd? NBRé o6f2013 &z JE0G W courdhive Ssy pailduldiedt £ & S 1j dz
9.8/2 and used that value rather than the operator bldlz220z}

Now we need tacalculate the value ofgywhich can be done with equation (13). This equation adds
several more variables to our program:Q andd . But we already have a varialsbewhich is the

K2NAT 2y Gt LRAAGARZY 2F 2 dzNJ dikd &Gabon @3) &H | Qared ¢ S
Aa GKS aaiNBGiIOKE 2F GKS NUzooO6SNIolFyR® ¢tKSY 65
calculate the value ofgv

set u0 [to  stretch *  sart [of @* k / m

Now we need to provide values for the other variablesk, stretchand— You should obtaim by
YSFadaNAy3d GKS Yl aa 2F @2dzNJ LINR 2SO Apprig bafl)LYpti £ dz&d S H
should have obtained yowrvalue experimentdl @ FNRBY A0GNBGIOKAY 3 NHzoSNI 6 yF
example). The values sfretchand—R SLISY R 2y @2 dzNJ RSaA3day o C2N) y2g453> f
stretchandt vfdr —

But what about timg? We want to see our ball move along its trajectory,ciihineans we actually
want to bechangingthe value of t as our program is running, and move our ball each time. We can

accomplish this with a repeat Io which repeats any instructions contained within it

multiple times (the number specified after theaNJR  a NB LIS (€ 0 @ ¢KdAZ 6S OFy (
the ball to that position, and change our timéy a set value inside the repeat bock, and it will be

repeated over and over. The amount of time we chanigg is known as owimulation time step The
aYFEESNI GKS dAYSaGSLIE GKS Y2NB RSUGFAE SR 2dz2NJ &AYdt
a time step of 0.01s (1/100 of a second) in my simulation:



aeene 1000
set x |[to wb * t'*  cos |of theta
3

set ¥ |to w0 * t ¥ =zin |of theta - m g

L3
go to 2= y:ly

(3
t .
_change t | Ijr

¢CKdza 2 Ay Yé SEFYLX Ss 6SQfft NXzy wnepaf.0lXeach Karatioh 2 v &
will calculate and position the ball 0.01s later than the last iteration).

Note: if your ball moves too fast, you can ackses Simssdlblock within the repeat loop. This will

make each iteration pause for a fraction of a second, sigwown the simulation.

Your current Scratch program should look something like this, and you can run it by clicking the green
flag in the corner:
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clear
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pen up —
when clicked
set pen color to set .| to NER

change pen color by

set pan color to {@)
Spritel

change pen shade by v i m

set pan shade to

(1000
set x |[to w0 * t* cos |of theta
15

change pen size by

set pen size to

set ¥ |[to w0 * t* sin |of theta

stamp r
go to x [z ¥y

(3
£ .
 change = Iz

Figure3 - Simulation of catapult projectile motion in Scratch

2 ¥



Improving the Visualization
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go to x: ‘x L' H '.y.'
[ ==

This is because tt is moving to position (x,y) measured in pixels on the screen (which

are very small). Your calculations aadcalating the position in metersso a single meter of distance

corresponds to a single pixel on the screen! This is very small, and makes it hard to see the motion of

2dzNJ ol f £ @ { SO2yRX @2dzNJ ol ff &0l NAciualjhaveit &t OSy (i SN.
somewhere near the bottonnight corner, so we can see the full path of motion.

We can accomplish both of these goalstiansforming2 dzNJ O2 2 NRAYy I S &deadsSyo 2 §
position to the corner byranslatingit, orsulii N* QG Ay 3 | O2yadlyd @I fdzS FTNRY
LAESt a0 @ CdzNI KSNE ¢S Olsoflingihe autated wildie oBxyind §.diédead 2 O A y 3
of 1 pixel = 1 meter, we can use a bigger ratio, like 100 pixels = 1 meter (or % pigal). Thus, we

take our calculated x & y and multiply them by 100. Combining these two transformations gives us:
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Now if we run the simulation, we can see the ball much more clearly. But it would also be nice to plot
the movement of the ball in such a way that we can see the full range of movement. Scratch includes a
G8y¢ GKIG ¢S OFy dzaS (G2 RNI ¢ (K &commandsdoyusigght (G KS & LJ
I NB Ay GKS aLSy: vSydo L yelanaleid togs whitielt oS A

Scratch to start and stop drawing. If we pIa before our regat loop, and m after it,
gSQff IANFLK GKS olFff aLINAGSQa Y2GA2y & AG Y2@0Sa
finish, or the next time we run the simulation it will draw a line back to the beginning.
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Figure4 - Plotting the projectile path in Scratch

Adding a Grid

Now we can see the path of the ball, but it would be even better if it was a proper graph, with lines
denoting units of measure. There are actually a couple of ways to do this in Screectouldcreate

an image of a graph grid, with axes and labels, and use it as a background, or we can tell Scratch to draw
them for us.

LQft gl 1 &2 dgoBRNE dzaK | IN&KGS ol ONEMIGAY I | y2 3G KSNI & LINRA

we just need it tadraw for us. In fact, we can make our first step hiding the sprite Witm block.
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every ten pixels from O to 400 pixelBach of theseres will correspond to a 10 cemnteters (remember

we scaled our pixels to 1pixel sm). We can draw a single line byoving our pen to the start of the

line, putting it down, and then moving to the end, and then picking it up:

N

c

go to x: b 150

pen down

go to x: GELT) v: EE)

pen up

We want to repeat this for each vertical line. We could enter the same command 41 times, or... we
could use a repeat block to repeat the commdahat many times:



set = [to ]

repeat G
go to x| = - AN 150
pen down
go to x: = SO v: BED)

pPEen up

set pen size to

change = |by
e

Note that we use the variable x to remember where the last line was plaeséry time we repeat our
commands, we move the next line over by 10 pixels. The resulting screen will look like this:

Figure5 - Vertical grid lines in Scratch
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set Y to E

repeat
go to = gEliln) w: |y -
pen down
L [ RS 200 B 150
change u by
pen up

=

_bl:.tadcast grid drawn

And the resulting grid will look like:



Switch to full stage

Figure6 - Vertical and horizontal grid lines in Scratch.

We can further refine our grid by darkegimvery ten lineg corresponding to each meter. To do this,
we want to make our pen thicker (which makes the line darker). This can be done with the

block. A pen size of 2 will draw lines 2 pixels thick. We can then draw the centimeter
lines using the same strategy we did before, but 100 pixels apart:

set J to m

repeat @
go to x: yil 150
pen down
go to x [ x - @ v:
i [

pen up

=

set u to E
r;)eat B

go to = ey e o150

pen down
go to x: [Pl y: ¥ -

change v | by

pen up
- =

Our refined grid looks like this:



Figure7 - Grid lines with darkenedneter marks

Now, we would also like to have labels on our grgghdzi { ONJ 4§ OK R2Say Qi KI @S |y
writing text onto the screen (we could draw it with the pen, or use sprites for our letters, but both take

some serious work). An easier way Wbhe to turn what we just drew into an image, and add our

labels to that image, and then use the edited image as a background on the stage. We can do this by

rightOf AO1Ay3 (GKS &aidl3S FyR OKz2z2aAiy3a aal @S | LA OGdzNB

I, Seratch 14 of 30-Jun-09 '
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Scripts

set pen color to

set pen shade to @D

change pen size by

¥ prm o B

stamp

Figure8 - Saving the Scratch stage as an image



We can then open the image file in an image editor and add labels and any other details we would like

to have

Distance in Meters

0

1

2

Figure9 - The graph with labels added using Pain

Thenswitchback to Scratch, seledtK S { G 3Sx OK22aS AdGa
just saved:
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Figurel0- Importing the labeled grid as a background
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And now we have a background with a scalie final twak we may want to make our projectile is

set size to o]

quite large. We can use tt block to make it fit better within our grid.

Finding an Optimal Design

Now that we have a complete simulation, we can discover how well different catapult designs might
work by twealing the release angliheta, the extension of the rubber barstretch and the mass of the
projectilem. And while our arm lengthfell out of our projectile equations, it still has a role to play in
how muchstretchwe can achieve.

Cdzli 68F2NB 68 Oy FAYR Ly 2L0AYFHE RSarA3ays 65 ySSR
optimal catapult one thathrows our projectile the farthest, or one that does the most damage when it
KAGak LT 6S 6SNB R2ANyA QLS LA AlYT K dzOdglh yIOBE RGNS yL0:
castle under siege, damage would be. Different goals often require very different design decisions.
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achieve. We could just start plugging new numbers in for each of our values, run our simulation, and

then try another value. But as engineers, we want tehstematicabout how we test. For example,

we might start with an angle of 0 degrees (launch mpletely horizontal) and try every full degree

dzy At 6S NBIF OK dnod 52Ay3 GKA& 0@ KFEIYR ¢g2dZ R 0SS |
peat 1)

can help us repeat a tasl =D [ SGQa GNB daAaAy3d GKFG o6f201 G2

Sart with an angle of 0

Run our simulaibn

Increase the angle by 1 degree
Jump back to step 2 and repeat

PN PR

What we just wrote is aalgorithm¢ a stepby-step process for solving a problem. We can express this
using Scratch blocks:

M Simulation goes here!

FIEmge theta |by

For clarity, | omitted the adtl simulation algorithm (the purglblock is a standh for it). But if we
were to incorporate our new algorithm into our simulation code, it would look like:
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Figurell- Running the projectile simulation to create a graph

Andour graph would look like:
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Figurel2- The graph generated by the projectile simulation



There are a couple of things to notice about our graginst, our graph continues even after our height
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one launch from anotheg perhaps we can find some way of making each line more distinct. Finally,

this graph suggests that our maximal distance, given the stretch and mads, faib close to  m. But

what is the angle that we used to reach thet?S G Q& Gl O1fS GKS&S A&aadzsSa 2yS |
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reached the ground. This happenben our y = 0. However, y = 0 when we first launch, and unless our
timestep is sufficiently small, it might actually go from y = 0.1 teQt4 and never actually equal 0! We

can get around both of these issues by checking if g wlich will only mppenafter the projectile hits

. We can use this as the test of a

conditional statement, like =4. This block repeats the instructions within it until the
test (the diamonéd K| LISR 06f 2010 A& aiNUzS¢ @ . @ O2YO0AYyAYy3 Al
our regular repeat we can run our simulation until the projectile hits the ground:

o~ e
| when clicked

clear

set size to %o
set x to

set y to

set m to
set u to

set str
sat theta to m
ﬂ;)eat m

set v |to E
set u0 |to  stretch * =qrt | of * k' /S m W
sat u to [}

pen down

repaat until vy < [J

set u to i wi * t'*  zin |of theta s = m

change u by

=+

pen up

change theta |by
b =

Also,note it was necessary to reset y to 0 before the simulation lpotherwise our y is still negative
FNRY GKS fFrad aAavydzZ FdA2yH ¢KS NBadzZ GAy3 3INI LK Aa
to simulate any time after the projectile hithé ground:



Switch to full stage

3 Distance in Meters
2
In I
T i
e
LT e 25
15 ::i,'_;x
1 Saes
o
f.'ééﬂ e %
= ey
Feee R
= o2
A R
a7 T
o 1 3 4

Figurel3- The graph produced by the simulation when considering impact with the ground

Second, to distinguish the graph lines, we can use a slightly different pen color each time with a
block. This can be addedttee simulation where we put the pen down, and

then each simulation run will use a slightly different shade of color.

Third, what we are really asking for here is the valuthefa when the distance traveled is maximized.

Remember, we end o blockright after the projectile strikes the ground. This

means that at that point, our x is at the distance that projectile traveled. So before we do our next
simulation, we can test if this is the maximal distance. An algorithm for doing this might be:

1. SettheY EAYIFEf RA&GIYyOS (2 n o6la 6S KIFI@SyQd Ndzy |y

2. Setthetato O

3. Run the simulation

4. LT GKS &aAYdzZ I GA2yQa E A& 3INBFEGISNI GKIYy GKS YI EA
GKSGF a 2dz2NJ aARSIFfé¢ GKSGE

5. Increase theta by 1

6. Repeat steps-B until theta is 90 degrees

Notice this algorithm incorporates our earlier algorithqthe one for changing theta, and the one for
running the simulation. To use it in scratch, we need two new variatlasimal distancandideal

N
theta, and we need aanditional block. Th block only runs the code inside of

itself if the test in the diamondhaped socket is true (i.2>maximal distancg The Scratch version will
look like this:



set id

set m

repeat until © y <

EVM Run the simulation!

change t |by

=

> maximal distance

set ideal theta |[to theta

nal distance |to =

Note ¢ again for clarity | have omitted the full simulatiatgorithm and used the purple block as a
placeholder.Our final algorithm therefore looks something like this:

Figurel4 - The final sprite script for graphing the simulation and finding an optimal launch angle



